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Zh dqdo|}h wkh uroh ri vfdo srolf| lq wkh uhfhqw vorzgrzq lq Mdsdq1 D g|qdplf jhqhudo
htxloleulxp prgho lv ghyhorshg lq zklfk vfdo srolf| fdq kdyh erwk h{sdqvlrqdu| hhfwv
+wkurxjk lqfuhdvlqj uhwxuqv, dqg frqwudfwlrqdu| hhfwv +wkurxjk wkh lqfuhdvh ri sxeolf ghew
dqg wd{ exughq,1 D yhuvlrq ri wkh prgho lv fdoleudwhg wr wkh Mdsdqhvh hfrqrp| dqg lv xvhg
wr phdvxuh wkh lpsruwdqfh ri erwk wkhvh hhfwv1 Zh qg wkdw xqghu zlgh udqjh ri sdudph0
whuv qhw h{sdqvlrqdu| hhfwv duh txdqwlwdwlyho| vpdoo wkxv vxjjhvwlqj d olplwhg uroh iru vfdo
vwdelol}dwlrq1
W Suhsduhg iru wkh Qryhpehu 4<<< Frqihuhqfh rq Exgjhwdu| Uhirup lq Mdsdq dqg
Wkh Xqlwhg Vwdwhv/ rujdql}hg e| wkh Fhqwhu iru Mdsdq0X1V1 Exvlqhvv dqg Hfrqrplf Vwxglhv
dw Q\X1
41 Lqwurgxfwlrq
Lq rughu wr suhyhqw dqrwkhu hfrqrplf vorzgrzq d vxssohphqwdu| exgjhw zloo
suredeo| eh dssuryhg iru Mdsdq wklv idoo ^11‘ Pdq| eholhyh wr dfklhyh wkh 18(
jurzwk wdujhw vxfk d exgjhw pxvw eh lpsohphqwhg41
Wkh srvvlelolwlhv ri ixuwkhu pdfurhfrqrplf vxssruw duh qrz vhyhuho| uhvwulfwhg5
Gxulqj wkh odvw ihz |hduv Mdsdq kdv hqgxuhg d shulrg ri vorz jurzwk wkdw kdv fxopl0
qdwhg lq wkh ghhs dqg surorqjhg uhfhvvlrq ri wkh odvw 2 |hduv lq zklfk rxwsxw kdv h{shulhqfhg
doprvw d DI gurs +vhh j1 4 ehorz ,1 Dowkrxjk vwuxfwxudo sureohpv vxfk dv wkh edqnlqj vhfwru
fulvlv dqg wkh idloxuh ri wkh Mdsdqhvh jurzwk prgho duh riwhq lqglfdwhg dv wkh pdlq fdxvhv
ri wkh ghfolqh lq wkh jurzwk wuhqg/ wkhuh lv dovr wkh shufhswlrq wkdw pdfurhfrqrplf vxssruw
wkurxjk vfdo srolf| pljkw sod| dq lpsruwdqw uroh lq jhwwlqj Mdsdq rxw ri f|folfdo voxpsv olnh
wkh fxuuhqw uhfhvvlrq +vhh iru h{dpsoh Nuxjpdq 4<<<,1 Dv vxppdul}hg e| wkh deryh txrwhv
wkrxjk wkhuh lv d ghedwh dprqj hfrqrplvwv dqg srolf| pdnhuv rq wkh hhfwlyhqhvv dqg wkh
ghvludelolw| ri wklv vxssruw1
Wklv sdshu ghyhorsv d g|qdplf jhqhudo htxloleulxp prgho wkdw fdq eh xvhg wr xq0
ghuvwdqg dqg hydoxdwh wkh pdfurhfrqrplf hhfwv ri vfdo srolf| rq Mdsdqhvh exvlqhvv f|fohv
wdnlqj lqwr dffrxqw d ydulhw| ri hhfwv1 Wkh prgho lv vlplodu wr wkh rqh sursrvhg e| Ghyhuhx{/
Khdg dqg Odskdp +4<<9,1 Wklv prgho glhuv irup wkh vwdqgdug qhrfodvvlfdo jurzwk prgho
lq rqh lpsruwdqw dvshfw= wkh suhvhqfh ri lqfuhdvlqj uhwxuqv irup vshfldol}dwlrq1 Wklv ihdwxuh
lpsolhv wkdw vfdo srolf| fdq kdyh dgglwlrqdo h{sdqvlrqdu| hhfwv1 Lq sduwlfxodu/ dv lq wkh
vwdqgdug jurzwk prgho/ vfdo vshqglqj fdxvhv dq lqlwldo udlvh lq rxwsxw gxh wr dq lqfuhdvh
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Iljxuh 4=
lq oderu vxsso|1 Wkh lqlwldo udlvh lq rxwsxw fdxvhv wkh hqwu| ri qhz upv dqg wkdw/ gxh wr
wkh uhwxuq wr vshfldol}dwlrq/ fdq lqfuhdvh wrwdo idfwru surgxfwlylw| dqg wkhuhiruh surorqj wkh
h{sdqvlrq1
Rq wkh rwkhu kdqg/ olnh lq wkh vwdqgdug qhrfodvvlfdo prgho/ frqwudfwlrqdu| hhfwv ri
lqfuhdvh lq jryhuqphqw vshqglqj/ wkurxjk wkh lqfuhdvh ri sxeolf ghew dqg h{shfwhg wd{ exughq
dqg wkurxjk wkh furzglqj rxw ri sulydwh lqyhvwphqw duh wdnhq lqwr dffrxqw1 Wkh sdudphwhuv
ri wkh prgho duh vhw wr uhsurgxfh fhuwdlq orqj uxq ihdwxuhv ri wkh Mdsdqhvh hfrqrp| dqg wkh
dfwxdo vfdo srolf| iroorzhg e| Mdsdqhvh dxwkrulwlhv lv fdswxuhg lq d vlpsoh irup e| phdvxulqj
d uhodwlrq ehwzhhq vfdo yduldeohv dqg C(
Lw lv vkrzq wkdw wkh prgho lv txlwh vxffhvvixo lq uhsurgxflqj wkh pdlq ihdwxuhv ri wkh
Mdsdqhvh exvlqhvv f|foh dqg wkxv lw lv xvhg wr phdvxuh wkh pdjqlwxgh ri wkh hhfwv ri vfdo
5
vwdelol}dwlrq1 Xqghu d zlgh udqjh ri srvvleoh sdudphwhul}dwlrqv wkh prgho suhglfwv wkdw vfdo
srolf| kdv d yhu| olplwhg uroh lq vwdelol}lqj wkh hfrqrp|1 Srolf| h{shulphqwv duh frqgxfwhg lq
rughu wr hvwdeolvk krz pxfk pruh jurzwk zrxog kdyh ehhq dfklhyhg xqghu d pruh yljrurxv
vfdo vwlpxoxv dqg lw lv irxqg wkdw d shupdqhqw lqfuhdvh ri jryhuqphqw vshqglqj gxulqj wkh
odvw wzr |hduv ri uhfhvvlrq zrxog kdyh kdg ohiw rxwsxw doprvw xqfkdqjhg exw lqfuhdvh wkh
sxeolf ghew wr rxwsxw udwlr e| pruh wkdq fI
Wkh sdshu lv rujdql}hg dv iroorzv1
Vhfwlrq 2 od|v rxw wkh prgho dqg lq vhfwlrq  wkh fdoleudwlrq surfhgxuh dqg wkh vroxwlrq
phwkrg lv glvfxvvhg1 Lq vhfwlrq e wkh suhglfwlrqv ri wkh prgho duh frpsduhg zlwk wkh dfwxdo
Mdsdqhvh pdfurhfrqrplf gdwd1 Lq vhfwlrq D wkh uhvxowv ri srolf| h{shulphqwv duh uhsruwhg
dqg vhfwlrq S uhsruwv wkh uhvxow ri vhqvlwlylw| dqdo|vlv wr glhuhqw ydoxhv iru wkh sdudphwhuv1
Vhfwlrq . frqfoxghv1
51 Wkh prgho
D1 Wkh Hfrqrp|
Wlph lv glvfuhwh1 Lq hdfk shulrg wkhuh lv d phdvxuh  ri lqqlwho| olyhg lghqwlfdo
frqvxphuv hdfk hqgrzhg zlwk  xqlw ri wlph1 Dowkrxjk lq wkh fdoleudwlrq vhfwlrq jurzwk zloo
eh wdnhq lqwr dffrxqw khuh zh zloo irfxv rq d vwdwlrqdu| hqylurqphqw1 Suhihuhqfhv duh
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zkhuh LEc  lv d frqwlqxrxvo| glhuhqwldeoh/ frqfdyh ixqfwlrq/ q lv wkh lqglylgxdo glvfrxqw
idfwru/ |/ u| duh shu fdslwd frqvxpswlrq dqg oderu uhvshfwlyho| dqg .| lv wkh h{shfwdwlrq
rshudwru zlwk uhvshfw wr wkh lqirupdwlrqv dydlodeoh dw wlph |
Wkhuh lv d vlqjoh qdo jrrg wkdw fdq eh xvhg iru frqvxpswlrq ru lqyhvwphqw1
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Lw lv surgxfhg zlwk d frqwlqxxp ri phdvxuh | glhuhqwldwhg lqwhuphgldwh lqsxwv/
lqgh{hg e| c dqg lwv surgxfwlrq ixqfwlrq lv
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zkhuh +|E lv wkh txdqwlw| ri wkh lqwhuphgldwh jrrg ri w|sh  xvhg iru wkh surgxfwlrq ri wkh
qdo jrrg/ w : f lv d sdudphwhu ghwhuplqlqj wkh vxevwlwxwdelolw| ri lqwhuphgldwh lqsxwv dqg
t| lv shu fdslwd surgxfwlrq ri wkh qdo jrrg1
Hdfk lqwhuphgldwh jrrgv lv surgxfhg xvlqj fdslwdo dqg oderu dqg wkh surgxfwlrq ixqf0
wlrq lv jlyhq e|
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 ’ ~|&|E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zkhuh  lv d {hg frvw ri surgxfwlrq/ k lv d sdudphwhu ghwhuplqlqj wkh fdslwdo vkduh lq
surgxfwlrq/ &E dqg ,E duh fdslwdo dqg oderu xvhg lq wkh surgxfwlrq ri lqwhuphgldwh jrrg /
~| lv dq h{rjhqrxv/ frpprq wr wkh surgxfwlrq ri doo lqwhuphgldwh jrrgv/ surgxfwlylw| vkrfn/
wkdw iroorzv d uvw rughu dxwruhjuhvvlyh surfhvv ri wkh irup
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zkhuh l lv d sdudphwhu ghwhuplqlqj wkh shuvlvwhqfh ri wkh surfhvv dqg 7~ lv wkh vwhdg| vwdwh
ohyho ri surgxfwlylw|1
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E1 Ilupv sureohp
Ilqdo jrrgv surgxflqj upv duh shuihfwo| frpshwlwlyh dqg wkh| vroyh wkh iroorzlqj
sureohp
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zkhuh | lv wkh sulfh ri wkh qdo jrrg dqg R|E lv wkh sulfh ri lqwhuphgldwh jrrg  Wkh qdo
jrrg lv wdnhq wr eh wkh qxphudluh dqg wkxv lwv sulfh zloo eh qrupdol}hg wr 
Surw pd{lpl}dwlrq |lhogv wkh iroorzlqj ghpdqg iru hdfk lqwhuphgldwh jrrg
(ER|Ec t| ’ R|E

w3t|+5,
Vxevwlwxwlqj wkh ghpdqg lq wr wkh frvw ixqfwlrq dqg lpsrvlqj wkh }hur surw frqglwlrq wkdw
pxvw krog lq htxloleulxp +xqlw frvw htxdo wr xqlw uhyhqxhv, zh fdq ghulyh dq h{suhvvlrq iru
wkh sulfh ri wkh qdo jrrg lq ixqfwlrq ri wkh lqwhuphgldwh jrrg sulfhv
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Lqwhuphgldwh jrrg surgxfhuv duh prqrsrolvwlf frpshwlwruv1 Wkhuh lv iuhh hqwu| lq hdfk shulrg1
Zh zloo irfxv rq v|pphwulf htxloleuld lq zklfk doo upv surgxflqj lqwhuphgldwh jrrgv wdnh
lghqwlfdo dfwlrqv dqg wkhuhiruh zh zloo rplw wkh lqgh{  zkhq ghvfulelqj wkh sureohp ri wkh
up1 Qrwlfh wkdw zkhq rxwsxw ri hdfk lqwhuphgldwh surgxfhu lv jlyhq e| +| rxwsxw ri wkh
qdo jrrg fdq eh zulwwhq +iurp 4 ,
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w
|
vr li w 	  wkh djjuhjdwh surgxfwlrq ixqfwlrq glvsod|v lqfuhdvlqj uhwxuqv lq wkh phdvxuh ri
upv1 Wkhvh lqfuhdvlqj uhwxuqv / riwhq odehohg dv uhwxuqv iurp vshfldol}dwlrq/ kdyh ehhq xvhg
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h{whqvlyho| lq wudgh dqg hqgrjhqrxv jurzwk wkhru| +vhh Nuxjpdq+4<:<, dqg Urphu+4<;:,,1
Surgxfhuv vhw wkhlu sulfh vr wr pd{lpl}h wkhlu surwv1 Lw lv frqyhqlhqw wr euhdn wkh sureohp
lq wzr sduwv1 Wkh uvw sduw lv wkh frvw plqlpl}dwlrq jlyhq d ghpdqg +| dqg fdq eh zulwwhq
dv
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zkhuh | /o| duh wkh uhdo zdjh dqg wkh uhqwdo udwh ri fdslwdo +lq xqlwv ri wkh qdo jrrg,1
Wkh vroxwlrq wr wklv sureohp |lhogv d frvw ixqfwlrq
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dqg idfwru ghpdqg iru lqwhuphgldwh surgxfhuv
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Wkh vhfrqg sduw ri wkh sureohp lv wkh fkrlfh ri wkh sulfh1 Surw pd{lpl}dwlrq lpsolhv sulfh
lv d frqvwdqw pdunxs ryhu xqlw frvw1
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+7,
Ilqdoo| wkh dvvxpswlrq ri iuhh hqwu| dovr lpsolhv wkdw fxuuhqw surwv +Z| iurp upv
surgxflqj lqwhuphgldwh jrrgv zloo eh f lq hyhu| shulrg wkdw lv
Z| ’ R|(ER|c t| KE|c o| ’ f
ru vxevwlwxwlqj 5 lq
R
w
w3
| t|  KE|c o|

R
w
w3
| t| n 

’ f+8,
F1 Jryhuqphqw
Wkh jryhuqphqw sxufkdvhv dq dprxqw C| ri qdo jrrgv hdfk shulrg dqg sxufkdvhv
iroorz d uvw rughu dxwruhjuhvvlyh surfhvv soxv d vfdo srolf| uhdfwlrq whup
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zkhuh 7C lv wkh vwhdg| vwdwh ohyho ri sxeolf vshqglqj/  lv d sdudphwhu ghwhuplqlqj wkh shuvlv0
whqfh ri vshqglqj/ 0} lv d vwrfkdvwlf frpsrqhqw wkdw lv glvwulexwhg lqghshqghqwo| dfurvv wlph
dqg wkh sdudphwhu  phdvxuhv wkh vhqvlwlylw| ri sxeolf vshqglqj wr ghyldwlrqv ri suhylrxv
shulrg rxwsxw iurp lwv vwhdg| vwdwh ohyho ru jurzwk sdwk +7t  Li  	 f wkhq sxeolf vshqglqj lv
frxqwhuf|folfdo1 Rwkhu h{shqglwxuhv duh oxps vxp vxevlglhv dqg wudqvihuv wr krxvhkrog wkdw
zh ghqrwh zlwk 7| H{shqglwxuhv duh qdqfhg zlwk oderu/ fdslwdo dqg frqvxpswlrq wd{hv/
:
e| udlvlqj oxps vxps wd{hv A| ru e| lvvxlqj uhdo erqgv ghqrplqdwhg lq wkh qdo jrrg1 Wkh
jryhuqphqw exgjhw frqvwudlqw lv wkhuhiruh
 S|| n 
,
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&
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zkhuh | lv wkh vwrfn ri rxwvwdqglqj jryhuqphqw erqg/ ^|c|n lv wkh wlph | sulfh ri rqh xqlw ri
frqvxpswlrq lq wlph | n dqg  S|c 
,
|c 
&
| duh wkh wd{ udwhv rq frqvxpswlrq/ oderu dqg fdslwdo
uhvshfwlyho|1 D jryhuqphqw srolf| lv ghqhg wr eh d olvw ri vhtxhqfhv iru  S| c 
,
|c 
&
| c |c C|c A|c 7|
G1 Krxvhkrog sureohp
Wkhuh duh wzr dvvhwv dydlodeoh wr krxvhkrogv= fdslwdo dqg rqh shulrg uhdo jryhuqphqw
erqgv1 Wkh krxvhkrog sureohp lv wkxv
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gfc f jlyhq
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zkhuh f| lv lqyhvwphqw/ g| lv wkh fdslwdo vwrfn1 Wkh qhfhvvdu| uvw rughu frqglwlrqv iru
rswlpdolw| duh jlyhq e|=
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H1 Htxloleulxp
D v|pphwulf htxloleulxp iru wklv hfrqrp| lv d froohfwlrq ri vhtxhqfhv iru sulfhv E
|c o|c ^|c R|/ txdqwlwlhv +|c f|c g|c u|c t|c &|c ,|c +|c ~| ,/ jryhuqphqw srolflhv + S| c 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dqg phdvxuhv ri lqwhuphgldwh jrrgv surgxflqj upv | vxfk wkdw
 Jlyhq sulfhv dqg jryhuqphqw srolflhv wkh txdqwlwlhv vroyh wkh krxvhkrogv* sureohp dqg
wkh qdo jrrgv dqg lqwhuphgldwh jrrgv surgxflqj upv sureohp1
 Jryhuqphqw srolflhv vdwlvi| wkh jryhuqphqw exgjhw frqvwudlqw
 S|| n 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&
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 Idfwru dqg jrrgv pdunhw fohdu
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 Surwv ri upv duh 3 lq hyhu| shulrg +iuhh hqwu|,
 Wudqvyhuvdolw| frqglwlrqv krog
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61 Fdoleudwlrq dqg Prgho Vroxwlrq
D1 Suhihuhqfh dqg Whfkqrorj| Sdudphwhuv
Lq rughu wr fkrrvh wkh sdudphwhuv ri wkh prgho zh zloo iroorz wkh surfhgxuh rxwolqhg e|
Frroh| dqg Suhvfrww +4<<8,/ e| slfnlqj wkh sdudphwhuv frqvlvwhqw zlwk wkh orqj uxq ihdwxuhv
ri wkh Mdsdqhvh hfrqrp| ru zlwk plfur0vwxglhv1 Lq rughu wr slfn wkh xwlolw| ixqfwlrq lq wdeoh
 zh uhsruw dyhudjh jurzwk udwhv ri frqvxpswlrq shu fdslwd dqg dyhudjh uhdo lqwhuhvw udwhv
lq Mdsdq lq wkh 4<9304<:3 ghfdgh dqg lq wkh 4<;;04<<; ghfdgh1
Wdeoh Jurzwk dqg Uhdo Lqwhuhvw lq Mdsdq +Dqqxdo Udwhv,
Jurzwk Udwh ri Shu Fdslwd Frqvxpswlrq Uhdo lqwhuhvw Udwh
4<9304<:3 :168( 5185(
4<;;04<<; 41;5( 5173(
Wkh wzr ghfdghv glvsod| yhu| glhuhqw jurzwk udwhv exw yhu| vlplodu uhdo lqwhuhvw udwhv1
Wkh iroorzlqj shulrg xwlolw|
LEcu ’ *L}E n >
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lpsolhv wkdw wkh htxloleulxp uhdo lqwhuhvw udwh grhv qrw ghshqg xsrq wkh jurzwk udwh6
exw rqo| xsrq wkh wlph glvfrxqw idfwru dqg wkxv lv frqvlvwhqw zlwk wkh idfwv uhsruwhg lq wdeoh
 Pruhryhu wklv ixqfwlrqdo irup/ dv vkrzq e| Nlqj/ Sorvvhu dqg Uhehor +4<;;,/ |lhogv d
vwdwlrqdu| vhulhv iru krxuv shu zrunhu hyhq lq suhvhqfh ri orqj uxq jurzwk1 Wkh sdudphwhu j
ghwhuplqhv wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq ri oderu dqg lv vhw vr wkdw wkh prgho
jhqhudwhv d yrodwlolw| ri oderu lqsxw vlplodu wr wkh rqh revhuyhg lq wkh gdwd1 Wkh sdudphwhu
6Wkh nh| ihdwxuh ri wkh orj xwlolw| ixqfwlrq lv wkh xqlwdu| lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1 Li wklv
hodvwlflw| lv qrw rqh wkhq wkh htxloleulxp lqwhuhvw udwh ghshqgv xsrq wkh jurzwk udwh1
43
> lv fkrvhq vr wkdw lq d vwhdg| vwdwh htxloleulxp u lv htxdo wr wkh dyhudjh qxpehu ri krxuv
zrunhg1 Mxvwhu dqg Vwdrug +4<<4, vkrz wkdw rq dyhudjh wkh XV zrunhuv vshqg * ri wkhlu
glvfuhwlrqdu| wlph zrunlqj1 Rq wkh rwkhu kdqg Mdsdqhvh oderu vwdwlvwlfv uhsruwhg lq Ervk
dqg do1 +4<<6, vkrz wkdw wkh dyhudjh Mdsdqhvh zrunhu zrun fI pruh krxuv wkdq wkh dyhudjh
XV zrunhu= wkhuhiruh zh vhw > wr uhsurgxfh u ’   E* ’ .1
Lq rughu wr fdoleudwh wkh sdudphwhu q wkh uvw rughu frqglwlrq iru wkh erqg +htxdwlrq
45, lv xvhg xqghu wkh dvvxpswlrq wkdw frqvxpswlrq wd{ lv frqvwdqw ryhu wlph71 Wdnlqj orjv
ri wkh uvw rughu frqglwlrq dqg xvlqj wkh ixqfwlrqdo irup iru wkh xwlolw| ixqfwlrq vshflhg lq
46 zh rewdlq wkdw lq vwhdg| vwdwh

q
’

7^
zkhuh 
7^
lv wkh dyhudjh uhdo lqwhuhvw udwh wkdw lv frpsxwhg xvlqj wkh qrplqdo jryhuqphqw erqg
|lhog +iurp LPI Lqwhuqdwlrqdo Ilqdqfldo Vwdwlvwlfv, plqxv wkh uhdol}hg udwh ri lq dwlrq +edvhg
rq JGS Gh dwru, iru wkh shulrg 4<931404<<<141 Wklv surfhgxuh |lhogv d ydoxh iru wkh dyhudjh
uhdo udwh ri 2D( shu |hdu dqg khqfh d txduwhuo| q ’ bbe
Wr ghwhuplqh wkh ydoxh ri w revhuyh wkdw htxdwlrq 7 lpsolhv wkdw lq d vwhdg| vwdwh
htxloleulxp 
w
’ R
K
vr wkdw w lv wkh udwlr ehwzhhq pdujlqdo frvw dqg sulfh / wkdw lv wkh lqyhuvh
ri wkh pdun0xs1 Pruulvrq +4<<5, surylghv hvwlpdwhv iru pdun0xsv lq wkh Mdsdq pdqxidfwxulqj
vhfwru iru wkh shulrg 4<9304<;4 dqg qgv dq dyhudjh pdun0xs ri 59( ryhu pdujlqdo frvw wkdw
lpsolhv w ’ H Lq d vwhdg| vwdwh htxloleulxp  lv qrupdol}hg wr 4 dqg wkxv R ’  dqg + ’ t
Xvlqj wklv dqg wkh }hur surw frqglwlrq 8 zh qg wkdw  ’ E3w
w
tc wkdw lv {hg frvwv duh 58(
ri vwhdg| vwdwh rxwsxw1 Vlqfh wkhuh lv vrph xqfhuwdlqw| rq wkh phdvxuh ri pdunxsv dqg wklv
7Dv glvfxvvhg lq wkh qh{w vxevhfwlrq hylghqfh rq frqvxpswlrq wd{ udwhv vkrz wkdw wkh| pryh yhu| olwwoh
ryhu wlph1
44
sdudphwhu lv lpsruwdqw vlqfh lw ghwhuplqhv wkh vl}h ri wkh lqfuhdvlqj uhwxuqv zh zloo frqgxfw
vrph vhqvlwlylw| dqdo|vlv1
Wr vhohfw wkh sdudphwhu k wkdw lq wkh prgho lv wkh vkduh ri lqfrph jrlqj wr fdslwdo zh
qrwlfh wkdw frvw plqlpl}dwlrq e| wkh up dqg wkh idfw wkdw  ’  lpso| wkdw lq vwhdg| vwdwh
E k ’ u
wt
u lw lv phdvxuhg dv wkh wrwdo ri zdjh dqg vdodulhv +uhsruwhg lq RHFG Qdwlrqdo Lqfrph
Dffrxqwv, dqg t lv C( ( wklv lpsolhv dq dyhudjh ydoxh iru k@ 1 DH
Lq rughu wr fdoleudwh wkh ghsuhfldwlrq udwh B zh xvh wkh txduwhuo| vhulhv ri wkh wrwdo
ghsuhfldwlrq ri wkh fdslwdo vwrfn EBg|1 Xvlqj wkdw phdvxuh/ wkh gdwd rq jurvv fdslwdo iru0
pdwlrq + f| dqg dq lqlwldo ydoxh iru wkh fdslwdo vwrfn gf +Iurp RHFG Iorzv dqg Ixqgv/
4<<9, d txduwhuo| vhulhv iru wkh fdslwdo vwrfn fdq eh uhfrqvwuxfwhg xvlqj 441 Rqfh wkh vhulhv lv
rewdlqhg dq hvwlpdwh ri B lv jlyhq e| wkh dyhudjh ri wkh udwlr ehwzhhq wkh wrwdo ghsuhfldwlrq
ri wkh fdslwdo vwrfn dqg wkh fdslwdo vwrfn lwvhoi1 Wklv surfhgxuh |lhogv d ydoxh ri B ’ f2D shu
txduwhu1
E1 Wrwdo Idfwru Surgxfwlylw|
Lq rughu wr frpsxwh wrwdo idfwru surgxfwlylw| zh xvhg wkh wudglwlrqdo Vrorz ghfrpsr0
vlwlrq prglhg lq rughu wr fdswxuh wkh uhwxuqv iurp vshfldol}dwlrq1 Xvlqj wkh pdunhw fohdulqj
frqglwlrqv wrjhwkhu zlwk wkh uvw rughu frqglwlrqv iurp wkh upv/ djjuhjdwh rxwsxw ri wkh
qdo jrrg fdq eh zulwwhq dv
t| ’ ~|g
k
w
| u
3k
w
|
45
dqg wkxv iru jlyhq ydoxhv ri k dqg w zh fdq frpsxwh wkh orj ri wrwdo idfwru surgxfwlylw| ~|
dv
*L}E~| ’ *L}Et| k
w
*L}Eg|  k
w
*L}Eu|
Xvlqj wkh frqvwuxfwhg vhulhv iru fdslwdo vwrfn iru g|/ wkh vhulhv ri wrwdo hpsor|phqw +iurp
RHFG Pdlq Hfrqrplf Lqglfdwruv, iru u| dqg wkh vhulhv ri Uhdo JGS iru t| zh rewdlq d vhulhv
iru ~| Vlqfh wkh vhulhv lv qrw vwdwlrqdu| zh wdnh rxw d ghwhuplqlvwlf wuhqg +lq rughu wr h{foxgh
ghwhuplqlvwlf whfkqrorjlfdo surjuhvv, iurp ~| dqg wkhq hvwlpdwh wkh iroorzlqj uhodwlrq iru wkh
shulrg b.f bbH
*L}E~| ’ l *L}E~|3 n 0
5
Zh qg wkdw l@1beD dqg wkdw wkh vwdqgdug ghyldwlrq ri 05 lv htxdo wr bI
F1 Jryhuqphqw Srolflhv
Ilvfdo srolf| khuh lv qrw prghohg dv wkh rxwfrph ri dq h{solflw ghflvlrq exw udwkhu
dv dq h{rjhqrxvo| jlyhq surfhvv phdvxuhg xvlqj gdwd rq dfwxdo srolf|1 Zh xvh wkh wkhru|
rqo| wr lpsrvh wzr vlpsoh uhvwulfwlrqv rq wkh qdwxuh ri srolflhv= wkh jryhuqphqw exgjhw
frqvwudlqw +htxdwlrq :, dqg wkh wudqvyhuvdolw| frqglwlrq rq jryhuqphqw ghew +lq rughu wr uxoh
rxw h{sorvlyh sdwkv iru ghew,1 Zh zloo dovr frqgxfw h{shulphqwv lq zklfk zh fkdqjh wkh w|sh
ri vfdo srolf| dqg zh frpsxwh wkh hhfwv ri wkrvh fkdqjhv rq wkh hfrqrp|1
Zh zloo dvvxph wd{ udwhv rq fdslwdo dqg oderu lqfrph dqg rq frqvxpswlrq duh frqvwdqw1
Zh vhw wkh wd{ udwh rq oderu lqfrph  , ’ 2 dqg wkh wd{ udwh rq frqvxpswlrq  S ’ fDErwk
wkhvh qxpehuv duh wkh dyhudjh ri wkh vhulhv ri wd{ udwhv phdvxuhg e| Phqgr}d dw do1 +4<<7,
iru Mdsdq lq wkh shulrg 4<;304<<51 Zh vhw wkh wd{ udwh rq fdslwdo lqfrph vr wkdw lq wkh
46
ghwhuplqlvwlf vwhdg| vwdwh jryhuqphqw uhyhqxhv duh htxdo wr jryhuqphqw h{shqglwxuhv1 Wklv
lpsolhv & ’ 2D Wudqvihuv dqg vxevlglhv 7| duh dvvxphg wr eh ghwhuplqlvwlf dqg jurzlqj dw
d frqvwdqw udwh dqg vxfk wkdw rq dyhudjh wkh| duh derxw I wkdw lv wkh dyhudjh vkduh ri
wudqvihuv8 ryhu C( lq Mdsdq lq wkh odvw 53 |hduv uhsruwhg e| Ilrulwr +4<<:,1 Wkh frqvwdqw
7C wkdw lq wkh prgho lv wkh vwhdg| vwdwh ydoxh ri sxeolf vshqglqj lv vhw wr pdwfk dq dyhudjh
udwlr ri sxeolf h{shqglwxuh wr C( htxdo wr bc wkdw lv wkh dyhudjh iru Mdsdq lq wkh shulrg
4<:304<<;1 Lq rughu wr hvwlpdwh wkh surfhvv iru sxeolf vshqglqj qrwlfh wkdw htxdwlrq 9 fdq
eh uhzulwwhq dv
*L}E
C|
7C
 ’  *L}E
C|3
7C
 n  *L}E
t|3
7t
 n 0}|+47,
0}|  Efc j
2
0}
Wkh yduldeoh orj+C|7C  lv phdvxuhg dv shufhqwdjh ghyldwlrqv ri wrwdo sxeolf vshqglqj
+frqvxpswlrq soxv lqyhvwphqw, iurp lwv wuhqg dqg wkh yduldeoh *L}Et|7t  lv phdvxuhg dv wkh
shufhqwdjh ghyldwlrqv iurp wuhqg iru C( Htxdwlrq 47 lv hvwlpdwhg rq Mdsdqhvh gdwd iru
wkh shulrg b.f bbH xvlqj u71 Hvwlpdwhv iru c  dqg j0} duh uhsruwhg lq wkh iroorzlqj
wdeoh
8Wudqihuv lqfoxgh vrfldo vhfxulw| sd|phqwv1
47
Wdeoh 51 Sdudphwhuv jryhuqlqj wkh Surfhvv iru Mdsdqhvh Sxeolf Vshqglqj
Ghvfulswlrq V|pero Ydoxh V1Huuru
Shuvlvwhqfh  .. EfH
Hodvwlflw| wr Rxwsxw  ee E2
Vwdqgdug Ghyldwlrq j0} f2 
Wkh U2 iru wkh uhjuhvvlrq lv 18:
Qrwlfh wkdw erwk c  duh kljko| vljqlfdqw dqg wkh hodvwlflw| ri jryhuqphqw vshqglqj
wr odjjhg rxwsxw lv txlwh odujh lq pdjqlwxgh9/ phdqlqj wkdw/ lq uhvsrqvh wr dq I gurs lq
JGS/ sxeolf vshqglqj rq dyhudjh kdv jrqh xs e| eeI1 Ilqdoo| d surfhvv iru oxps vxp
wd{dwlrq A| lv qhhghg1 Uhzulwlqj wkh jryhuqphqw exgjhw frqvwudlqw dv
|n ’

^|c|n
| n

^|c|n

C| n 7|  A|   S||   ,||u|   &| o|g|

+48,
lw lv dssduhqw wkdw lq devhqfh ri d vshflf uhvwulfwlrq rq A| wkh surfhvv iru | zloo eh
qrq vwdwlrqdu| zkhq ^|c|n lv ohvv wkdq rqh +srvlwlyh lqwhuhvw udwh, dqg wkxv | zloo ylrodwh wkh
wudqvyhuvdolw| frqglwlrq1 Lq rughu wr dyrlg wklv sureohp zh vshfli| wkh iroorzlqj surfhvv iru
oxps vxp wd{hv
A| ’ E ^|c|n n E||
zkhuh wkh ixqfwlrq E kdv wkh iroorzlqj surshuwlhv
E 7 ’ f
 : f
9Mrqhv +4<<<, lq d vlplodu vwxg| iru wkh XV qgv d ydoxh iru wklv hodvwlflw| ri durxqg 0=38=
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zkhuh 7 lv wkh vwhdg| vwdwh ghew ohyho1 Wklv vshflfdwlrq lpsolhv wkdw dq| ohyho ri 7 lv
frqvlvwhqw zlwk wkh jryhuqphqw exgjhw frqvwudlqw dqg wkdw wkh wlph vhulhv iru jryhuqphqw
ghew zloo eh phdq uhyhuwlqj wr wkdw ohyho1 Zh zloo vhw 7 vr wr uhsolfdwh dq dyhudjh ghew wr
C( udwlr ri D wkdw lv wkh udwlr revhuyhg lq Mdsdq iru wkh shulrg b.f bbb +iurp ydulrxv
lvvxhv ri wkh RHFG Hfrqrplf Rxworrn, Dovr lq oljkw ri wkh uhfhqw dpsoh dqg shuvlvwhqw
h{sdqvlrq ri Mdsdqhvh jryhuqphqw ghew zh vhw  htxdo wr d frqvwdqw vr wkdw wkh ghjuhh ri
phdq uhyhuvlrq ri wkh wlph vhulhv iru ghew lpsolhg e| wkh prgho lv vlplodu wr rqh revhuyhg lq
wkh gdwd1
G1 Prgho Vroxwlrq
Xqiruwxqdwho| wkh prgho suhvhqwhg grhv qrw dgplw dqdo|wlfdo vroxwlrqv dqg qxphulfdo
phwkrgv duh qhhghg lq rughu wr dqdo|}h wkh htxloleuld ri wkh prgho1 Rqfh wkh sdudphwhuv
ydoxhv duh fkrvhq/ wkh htxdwlrqv fkdudfwhul}lqj wkh htxloleuld duh olqhdul}hg durxqg wkh gh0
whuplqlvwlf vwhdg| vwdwh dqg d qxphulfdo vroxwlrq lv irxqg e| vroylqj wkh uhvxowlqj v|vwhp ri
olqhdu glhuhqfh htxdwlrqv1
71 Uhvxowv
Iljxuh 5 ehorz vkrzv wkh suhglfwlrqv ri wkh prgho iru wkh ghyldwlrqv ri rxwsxw iurp lwv
wuhqg wrjhwkhu zlwk wkh wlph vhulhv iru wkh gdwd1 Qrwlfh wkdw wkh lqqrydwlrqv wr surgxfwlylw|
dqg wr sxeolf vshqglqj + 05 dqg 0} , phdvxuhg iurp wkh gdwd duh xvhg dv lqsxwv ri wkh prgho1
Dowkrxjk wkhuh duh hslvrghv lq zklfk rxwsxw suhglfwhg e| wkh prgho lv glhuhqw iurp wkh
rqh uhdol}hg lq wkh gdwd/ lq jhqhudo wkh prgho suhglfwv txlwh zhoo wkh pdmru uhfhvvlrqv dqg
errpv wkdw Mdsdq kdv jrqh wkurxjk lq wkh odvw 53 |hduv1 Dv dq dgglwlrqdo fkhfn d wdeoh
zlwk wkh pdlq exvlqhvv f|foh vwdwlvwlfv lv uhsruwhg dqg rqh fdq revhuyh wkdw yrodwlolwlhv dqg
49
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Iljxuh 5=
fruuhodwlrqv ri wkh pdlq pdfurhfrqrplf djjuhjdwhv suhglfwhg e| wkh prgho duh qrw yhu| idu
iurp wkrvh phdvxuhg lq wkh gdwd1
4:
Wdeoh 61 Exvlqhvv F|fohv Vwdwlvwlfv:
Vwdqgdug Ghyldwlrqv
Devroxwh Uhodwlyh wr JGS
\ F [ O J
Gdwd 418: 1;< 5167 165 41<9
Prgho 41:3 1;5 619: 16; 41<:
Fruuhodwlrqv zlwk JGS
Gdwd 4133 1:4 1<6 18; 148
Prgho 4133 1<6 1<7 193 013;
Ilqdoo| jxuh  vkrzv wkh sdwk iru jryhuqphqw ghew +dv d iudfwlrq ri C(  lq wkh
prgho dqg lq wkh gdwd1 Lw lv lpsruwdqw wr qrwlfh wkdw hyhq e| kroglqj wd{ udwhv dqg wudqvihuv
frqvwdqw wkh prgho lv deoh wr uhsurgxfh wkh udslg jurzwk ri Mdsdqhvh sxeolf ghew lq wkh odvw
ihz |hduv1
81 Srolf| H{shulphqwv
Wkh uhvxowv vkrzq lq wkh suhylrxv vhfwlrq vkrz wkdw wkh prgho xvhg fdswxuhv wkh edvlf
ihdwxuhv ri wkh Mdsdqhvh exvlqhvv f|fohv wrjhwkhu zlwk wkh hyroxwlrq ri vfdo yduldeohv1 Lw lv
wkhuhiruh uhdvrqdeoh wr xvh wkh vdph prgho wr dvn wkh iroorzlqj txhvwlrq= frxog wkh Mdsdqhvh
vfdo dxwkrulwlhv vshhg xs wkh uhfryhu| ri Mdsdq iurp wkh odvw uhfhvvlrq e| iroorzlqj d pruh
yljrurxv frxqwhuf|folfdo vfdo srolf|1 Dqg li vr zkdw zrxog eh wkh hhfw ri vxfk d srolf| rq
wkh sxeolf ghew B
:Vwdwlvwlfv iru wkh wkh gdwd duh frpsxwhg rq txduwhuo| vhulhv wkh shulrg 4<:314 4<<<141 Wkh vwdwlvwlfv
iru wkh prgho duh frpsxwhg rq vhulhv ri wkh vdph ohqjwk dv wkh gdwd1 Wkh lqqqrydwlrqv iru wkh h{rjhqrxv
vwrfkdvwlf surfhvvhv lq wkh prgho duh phdvxuhg lq wkh gdwd1 Doo vhulhv duh lq orjv dqg KS owhuhg1
4;
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Iljxuh 6=
Lq sduwlfxodu zh zloo frqvlghu dq dowhuqdwlyh sdwk iru vfdo srolf| iurp wkh vhfrqg
txduwhu ri 4<<: wr wkh uvw txduwhu ri 4<<</ wkdw lv wkh shulrg lq zklfk Mdsdqhvh rxwsxw
kdv vwhdglo| ghfolqhg1 Wkh dowhuqdwlyh srolf| lqfoxghv d DI lqfuhdvh lq jryhuqphqw vshqglqj
uhvshfw wr wkh jryhuqphqw vshqglqj phdvxuhg lq wkh gdwd1 Iljxuh e vkrzv wkh dfwxdo udwlr
ri sxeolf vshqglqj wr C( lq Mdsdq lq wkh odvw wzr |hduv wrjhwkhu zlwk wkh sdwk iru wkh
vdph udwlr xqghu wkh dowhuqdwlyh srolf| vshflfdwlrq1 Xqghu wkh dowhuqdwlyh srolf| wkh ohyho
ri jryhuqphqw vshqglqj zrxog kdyh uhdfkhg fI ri C( e| wkh uvw txduwhu ri bbb
Iljxuhv D dqg S vkrz wkh hhfw ri vxfk d srolf|1 Wkh frqwlqxrxv olqhv duh wkh sdwkv iru
rxwsxw jurzwk dqg ghew wr rxwsxw udwlr suhglfwhg e| wkh prgho zlwk xvlqj wkh vfdo srolf|
phdvxuhg lq wkh gdwd zkloh wkh gdvkhg olqhv duh wkh suhglfwhg sdwkv xqghu wkh dowhuqdwlyh
srolf|1 Ilvfdo srolf| zrxog kdyh qrw ehhq yhu| hhfwlyh lq vwdelol}lqj rxwsxw dfklhylqj rqo|
4<
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dq lqfuhdvh lq wkh jurzwk udwh ri 2DI lq wkh uvw wkuhh txduwhuv/ exw lw zrxog kdyh lqfuhdvhg
wkh ghew wr rxwsxw udwlr e| pruh wkdq fI
Lq rughu wr xqghuvwdqg zk| wklv prgho suhglfwv vxfk d olplwhg lpsdfw ri vfdo srolf|
rq rxwsxw lw lv lqvwuxfwlyh wr sorw wkh prgho lpsxovh uhvsrqvhv wr d I lqfuhdvh lq jryhuqphqw
vshqglqj1 D jryhuqphqw vshqglqj vkrfn lqfuhdvhv wkh ixwxuh wd{ exughq ri frqvxphuv dqg
khqfh lv d qhjdwlyh zhdowk vkrfn1 Dv d frqvhtxhqfh erwk frqvxpswlrq dqg ohlvxuh idoo wkhuhe|
lqfuhdvlqj oderu lqsxw1 Wkh lqfuhdvh lq oderu lqsxw whqg wr lqfuhdvh lqyhvwphqw iru wzr
uhdvrqv= wkh uvw lv wkdw fdslwdo dqg oderu duh frpsohphqwv lq surgxfwlrq dqg wkh vhfrqg
lv wkh lqfuhdvh lq wrwdo idfwru surgxfwlylw| fdxvhg e| wkh lqfuhdvlqj uhwxuqv1 Rq wkh rwkhu
kdqg wkh qhjdwlyh zhdowk hhfw lqgxfhv djhqwv wr vdyh ohvv dqg wkxv wr uhvwruh htxloleulxp
lq wkh dvvhw pdunhw uhdo lqwhuhvw udwh kdv wr udlvh= wklv hhfwv uhgxfh lqyhvwphqw1 Zklfk
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Iljxuh :=
rqh ri wkh hhfw grplqdwhv lv d txdqwlwdwlyh lvvxh dqg lw ghshqgv rq wkh sdudphwhu ri wkh
prgho1 Iurp wkh lpsxovh uhvsrqvhv dsshdu wkdw iru rxu sdudphwhul}dwlrq wkh lqwhuhvw udwh
hhfw lv grplqdqw dqg d ghfolqh lq lqyhvwphqw lv revhuyhg lq uhvsrqvh wr dq lqfuhdvh lq sxeolf
vshqglqj1 Wklv vwurqj furzglqj rxw hhfw rq lqyhvwphqw lv rqh lpsruwdqw uhdvrq zk| hhfwv
ri vfdo srolf| rq rxwsxw duh vpdoo lq pdjqlwxgh1
Lw lv zruwk qrwlflqj wkdw uhfhqw zrun e| Eodqfkdug dqg Shurwwl +4<<<, kdv vkrzq wkdw
vpdoo pxowlsolhuv ri jryhuqphqw vshqglqj dqg odujh lqyhvwphqw furzglqj rxw duh frqvlvwhqw
zlwk hpslulfdo hylghqfh lq wkh Xqlwhg Vwdwhv1
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91 Vhqvlwlylw| Dqdo|vlv
Wklv vhfwlrq dqdo|}hv wkh urexvwqhvv ri wkh uhvxowv wr fkdqjlqj wkh ghjuhh ri lqfuhdvlqj
uhwxuqv1 Lq d prgho zlwk juhdwhu lqfuhdvlqj uhwxuqv wr vfdoh jryhuqphqw vshqglqj pljkw kdyh
d eljjhu hhfw rq rxwsxw1 Wkh lqlwldo lqfuhdvh lq oderu lqsxw zrxog wudqvodwh lq d juhdwhu
lqfuhdvh lq surgxfwlylw| dqg wklv pljkw pdjqli| wkh hhfw rq rxwsxw1 Dv dq xsshu erxqg iru
wkh phdvxuh ri lqfuhdvlqj uhwxuqv zh zloo frqvlghu d ydoxh ri w @19 Ewkdw lpsolhv d pdun0xs
ri S.I Iljxuh ; sorwv wkh lpsxovh uhvsrqvhv wr d jryhuqphqw vshqglqj vkrfn iru wkh vdph
prgho frqvlghuhg lq wkh suhylrxv vhfwlrq zkhuh wkh sdudphwhu w lv qrz vhw htxdo wr S Lq
wklv fdvh wkh hhfw ri lqfuhdvh lq wrwdo idfwru surgxfwlylw| gxh wr wkh lqfuhdvh lq oderu lqsxw
lv txdqwlwdwlyho| vwurqjhu dqg vx!flhqw wr lqgxfh dq lqfuhdvh lq lqyhvwphqw1 Exw hyhq lq
wklv fdvh wkh rxwsxw pxowlsolhu ri jryhuqphqw vshqglqj uhpdlqv txdqwlwdwlyho| vpdoo1 Iljxuh
< vkrzv wkh sdwk iru rxwsxw xqghu wkh dowhuqdwlyh vfdo srolf| frqvlghuhg lq wkh suhylrxv
vhfwlrq1 Dowkrxjk qrz/ gxh wr wkh suhvhqfh ri vwurqjhu lqfuhdvlqj uhwxuqv/ wkh hhfw rq
rxwsxw duh vrphkrz eljjhu wkh| duh vwloo qrw elj hqrxjk wr vwdelol}h Mdsdqhvh rxwsxw gxulqj
wkh odvw uhfhvvlrq1
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:1 Frqfoxvlrqv
Wklv sdshu xvhv d g|qdplf jhqhudo htxloleulxp prgho fdoleudwhg wr wkh Mdsdqhvh hfrq0
rp| wr phdvxuh wkh hhfwlyhqhvv ri vfdo vwdelol}dwlrq lq wkh uhfhqw Mdsdqhvh vorzgrzq1 Hyhq
wkrxjk iurp d txdolwdwlyh vwdqgsrlqw vfdo h{sdqvlrqv kdyh srvlwlyh hhfwv rq rxwsxw lw lv
vkrzq wkdw iurp d txdqwlwdwlyh srlqw ri ylhz wkhvh hhfwv duh vpdoo1 D frqvhtxhqfh ri wklv lv
wkdw h{sdqvlrqdu| vfdo srolf| vljqlfdqwo| lqfuhdvhv wkh jryhuqhpqw ghew rxwsxw udwlr1 Wkh
prgho vxjjhvwv wkdw wkh uhfhqw ghfolqh lq rxwsxw lv h{sodlqhg e| d vkdus dqg surorqjhg ghfolqh
lq surgxfwlylw| dqg wkdw/ lq dq hfrqrp| douhdg| fkdudfwhul}hg e| d kljk ohyho ri jryhuqphqw
ghew/ sxeolf ghpdqg srolflhv gr qrw vhhp wr eh d yhu| hhfwlyh wrro wkdw Mdsdqhvh srolf|
pdnhuv fdq xvh wr vwdelol}h rxwsxw 1
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